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TEMIIEPATYPHOE NOJIE HUJINHAPUYECKOI'O TEJIA
B PEXKUME NIEPUOJUYECKOI'O PABOI'PEBA

JI.K. Maptuncon, O.10. Yurupéna

MI'TY um. H.D. baymana, Mocksa, Poccuiickast @enepanus
e-mail: mathmod@bmstu.ru

Paccmompen npoyecc pazoepesa yuruHOpuvecko2o meia npu nepuoouyeckom ne-
NI08OM 6030€elicmeuu Ha e20 mopyegvle nosepxnocmu. Mamemamuyeckas mooensb
uzyuaemo2o npoyecca gkuiovaen 6 cebs nHelunelnoe oupdepenyuanvroe ypagienue
napabonuyecko2o0 mund, YYumléaioujee 3d6UCUMOCHb MeNnI0PUUYECKUX CBOUCME
Mamepuania om memMnepaniypbl, a maxdice epanuyHble YCio8usl, ONUCHIBAIOWUe Npo-
yeccol mennioobmena Ha nosepxnocmu mena. Ilpeonoocen aneopumm pacuema He-
CMAYUOHAPHO2O MEMNEPAMypPHO20 NONS YUTUHOPUYECKO20 Meld, OCHOBAHHbLIL HA
ouckpemuzayuu OUP@eEPeHyuaIbH020 YPaAsHeHUs. N0 BPEMEHHOU NePeMeHHOU C 00-
cmamoyno Maneim uwa2om pazouenust. Ha k-w epemennom waze pacnpedenenue mem-
nepamypbl 6 YWiuHOPU4eCKOM meie Uuulemcs 8 popme paziodcenuss 8 O8OUHOU Mpu2o-
Homempuueckutl psio Pypve, KOIDDuyUeHMbL KOMOPOLO ONPEOeNsIOMC U3 Peulenus
OECKOHEUHOU CUCMEMbl TUHEHbIX Al2eOPAUecKUX YPAGHEHUL MemoOoM PedyKYul.
Ilpuseden yucnennvliil npumMep pacuema HeCmayuoHapHO20 MeMNnepamypHo20 noisl
6 YUIUHOPUHECKOM melle Npu NepuoOuteckom UMNYIbCHOM pazozpese e2o mopye-
ebix nosepxrnocmeil. Ilpedcmagnenvl 3a6UcUMOCU MEMREPAnypbl Oiisl PA3IUYHBIX
GHYMPEHHUX MOYEK YUTUHOPULECKO20 MeNd OM GPEMEHU.

Knruesvie cnosa: HecTalIOHApHBIN MPOLECC TEMIONPOBOAHOCTH, HEIUHEHHAs Ma-
TEeMaTH4ecKasl MOJIENb, JUCKPETU3alMs MO BPEMEHHOH IepeMEeHHOH, OecKOHeuHas
cHcTeMa JIMHEHHBIX alreOpandeckux ypaBHEHHM.

THERMAL FIELD OF A CYLINDRICAL BODY
DURING CYCLIC HEATING

L.K. Martinson, O.Yu. Chigireva

Bauman Moscow State Technical University, Moscow, Russian Federation
e-mail: mathmod@bmstu.ru

The article discusses the heating process of a cylindrical body under the cycling
heat exposure onto its end surfaces. The mathematical model of the analyzed process
includes a nonlinear differential equation of the parabolic type which considers a
correlation between thermophysical properties of the matter and the temperature as
well as the boundary conditions describing heat exchanges on the body surface. The
article presents an algorithm of the non-stationary thermal field calculation based
on the discretization of the differential equation with a small variable time step. At
the k-th time step a temperature distribution within the cylindrical body is calculated
by the double trigonometric Fourier series. Its coefficients are estimated by solving
an infinite set of linear algebraic equations with the help of the reduction method.
The authors give a numerical sample of calculating the non-stationary temperature
field in the cylindrical body at the rate of cyclic impulse heating of its end surfaces.
The dependence of different internal points of the cylindrical body on temperatures
is tested.

Keywords: non-stationary heat transfer process, nonlinear mathematical model,
discretization with respect to time variable, infinite set of linear algebraic equations.
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Beeanenne. B teopun TeruionpoBoaHocTH [1-3] BakHOE MpakTUYECKOE
NPUIIOKEHHE UMEET Kilacc 3aja4 MO MCCIEOBAHUIO TETNIOBOTO COCTOSHUS
KOHCTPYKIIUHU, TOBEPXHOCTU KOTOPBIX MOABEPKEHBI JTOKATLHOMY TETIOBO-
My Bo3aeicTBuio [4-8]. Oco0oe BHUMaHUE yACIEHO 3ajadyaM, CBI3aHHBIM
C U3yUYEHHUEM Ipoliecca TeIIONepeHoca B YCIOBUSIX JOKAILHOTO MEPHOIU-
YECKOT0 TeIJIOBOTO BO3JeicTBHs. MIHTepec K TaKUM UCCIIEAOBaHUSM 00b-
SICHSCTCS TIPAKTUICCKUMU TPUIIOKEHUSIMU TIPOIIecca pa3orpeBa METaliioB
MY JTa3€pHOU M ANEKTPOHHO-ITy4eBoi 0OpaboTke [9-14].

du3uyeckas MOCTAHOBKA 32/1a4M M MaTeMaTH4YeCcKasi MoJieJIb Mpo-
necca. PaccmarpuBaeTcst HecTallMOHAPHBIN NPOIIECC TETIONPOBOJHOCTH B
IUIMHApPEe paguycoM R u Beicotoit h (puc. 1). Pa3orpeB mwmmnmpa ocy-
IECTBISIETCSL IByMSI OCECHMMETPHYHBIMHU JIOKaTbHBIMEU (1 < 1) HEpHo-
JMYIECKUMHU UCTOYHUKAMU TEIUIOTHI, ISHCTBYIOIIMMHU Ha HIkHee (z = 0) u
BepxHee (z = h) OCHOBaHMS LIWINHAPA, C IVIOTHOCTSIMH TEIIOBBIX TOTOKOB
¢ (r,t) u go (r,t), paBHBIMU

g (r,t) = ¢ <1+cos7;—r> n(t)y, t>0, 0<r<ry i=1,2,
0

e 3HaYeHHEe UHAEKCa ¢ = 1 COOTBETCTBYET UCTOUHUKY TEILJIOTHI, ACHCTBRY-
IOLIeMY Ha HIW)KHEE OCHOBAaHUE IWIMHIPA; ¢ = 2 — UCTOUYHHUKY TEIIOTHI,
JICHCTBYIOIIEMY Ha BEpXHEE OCHOBAHWE IMIMHIpPA; 7y — PaguyC MSATHA
TEIUIOBOTO BO3JeHCTBHS; 7] (1) — cTymeH4aras nepuomndeckas QyHKIus ¢
nepuoaom, paBHbiM At (puc.2). Ha HIKHEM M BEepXHEM OCHOBAaHHSIX IIH-
NUHIpa, BHE 00IACTH TEIUIOBOTO BO3AeHcTBHs (rg < r < R), IPOUCXOAUT
TETI000MEH M3ITyuyeHHeM. boKoBasi MOBEpXHOCTh LMJIMHAPA TEIUIOM30JIH-
poBaHa. B HayanbHbBII MOMEHT BpemeHu t = () TeMmeparypa HWIMHApPA
MOCTOSIHHA M paBHA TeMIieparype BHelHeil cpeasl 1.

B 3amaue yunuThiBaeTCs 3aBUCUMOCTD TETIO()U3MYECKUX CBOWCTB Mare-
puaa MWIMHAPa OT TeMIeparypsl. Maremarudeckas MOJIeNIb pacCMaTpUBa-
€MOT0 HECTAI[MOHAPHOTO MpoIiecca TeIIONPOBOIHOCTH B IUJIMHIPE UMEET

zZ)

qz (7", t) TO
gttt )
1)
q=0
1 | | I [
0 T T o € R r | I I I
¢ ¢ ¢ | | | |
| | | |
q,(r, 1) T | | | | 7
0 0 t At 2At t
Puc. 1. OceBoe ceyenue UJIMHIPHU-
YeCKOro Teja Puc. 2. I'padux pyuxuuu 7 (t)
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BHJ

or 190 oT 0 oT
nNE 22 () + L (amE
pel )815 r@r( ( )T8r>+8z( ( )8z)’ (1)
t>0, 0<r<R, 0<z<h;
T(r,z0)=Ty, 0<r<R, 0<z<h (2)
oT Ja(rt), t>0, 0<r<rgy
_)\<T)5zO_{as(Té—T“(r,O,t)), t>0, ro<r<R; (3)
8T _ QQ(rvt)7 t>07 OSTSTO;
)\(T)% h_{ae(Té—T“("r,h,t)), t>0, ro<r<R; “)
T
9T\ _4 t>0, 0<z<h (5)
or r=R

3necw 1 (r, z,t) — HUCKOMOE TEMIIEpAaTypHOE MOJIe MWIHHIPA; P, C U A —
IUIOTHOCTb, YIeNIbHAS TEITIOEMKOCTh U KOI(M(UIMEHT TEIUIONPOBOIHOCTH
Marepuana; o — nocrosuHas Credana— bonblimMaHa; € — CTeNeHb YEPHOTHI
U3JTyYaloIel MOBEPXHOCTH.

OTMmeTHM, 4TO B pacCMaTpUBACMON 3a/1aue CICAYET YUUTHIBATH YCIOBHE
OTPaHMYEHHOCTH TeMIIEpaTypbl Ha OCU nuiauHApa [15].

ITocTpoenune anropurMa NpUOIMIKEHHOT0 peulenusi. Beenem dyHk-
wuu C (T, r) = pre(T), A(T,r) = rA(T) u 3anumem 3axady (1)—(5) B
CIICIYIOIIEM BHUJIE:

oT
C(T,r)— =
(Tr) 5
= div (A(T,r) gradT), t>0, 0<r <R, 0<z<h; (6)
T(r,z,0) =Ty, 0<r<R, 0<z<Hh (7)
oT
—A(T,T)a _():Ql(r,t)7 t>0, 0<r<R, (8)
oT
AN(T,r)— =Qy(r,t), t>0, 0<r<R; 9)
82 z=h
IT(0,2,t)] <00, t>0, 0<2<h; (10)
oT
Pl =0, t>0, 0<2<h. (11)
or lr=R
3nech
rg; (r,t), t>0, 0<r<rgy
Qi(T’T):
oer (Ty —uf (r,t)), t>0, ro<r<R;

i=1,2; uy(r,t)="T(r0,t), ug(r,t)="T(r h,t).
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OtmeTHM, 4TO MpU Takol Gopme 3anucu ypaBHeHus (6) oneparuu “div’”’
u “grad” cnemyer MOHMMAaTh KaK OMNEpAMK B TIPSIMOYTOJBHON CHCTEME
KoopauHar (7, 2).

[MpubmmwkenHoe aHanmuTHueckoe pemieHue 3amadn (6)—(11) Haiimem,
NPUMEHUB MOJU(PUKAIIIIO METOJIa, OCHOBAHHOTO Ha JHUCKpETU3aluu Iug-
(epeHunaIbHOrO ypaBHeHus (6) o BpeMeHHOM nepeMeHHoi ¢ [14, 16].

[lycte ty, = k7, k = 1,2,..., tn0e 7 > 0 — MOCTAaTOYHO MaJbId IIar
pa30ueHus 1o BpeMEHHOHN NIepeMeHHOM. 3aMeHUM B ypaBHEHUH (6) mpou3-
BOJTHYIO TIO BPEMEHHU Pa3HOCTHBIM OTHOIICHHUEM

or T (r2) =T®D (r, 2)

Ot li=t, T ’
rne T% (r,z) — npubnuxennoe snadenue ¢byukuuu T (r,z,t) B Mo-
MEHT BpEMEHH ¢ = t;, HPHUYEM COIIACHO HadanbHOMY ycioBuiO (7)

TO (r,2) = Tp.

Ha BpemeHHOM cioe ¢t = t; Bce HEIMHEWHOCTH B ypaBHeHuU (6) u B
IpaHUYHbBIX yCciIoBUsAX (8), (9) BbIUMCINM, UCIIONB3Ys HAlJIEHHOE Ha Ipe-
JBIIYIIEM BPEMEHHOM cioe ¢ = t;,_; 3Hadenne ynxman TF~Y (r, 2) u
0003HaYUM

C® (r,2) =C (T(k_l) (r,2),7), A®) (r,2) = A (T(k_l) (r,2),r).

TeroBble TOTOKKU B TpaHUYHBIX yciaoBusax (8) u (9) mpu ¢t = t Tak-

K€ OINPE/ICNIUM TI0 M3BECTHBIM 3HAYCHHUAM (YHKIUH ul(-k_l) (r): QZ(-k) (r) =

=Q; (r, ugkfl) (7“)), 1=1,2.

B pesynbrare nmomydaem auddepeHnnanbHO-pa3HOCTHBIA aHAIOT Ha-
yanbHO-KpaeBou 3amaun (6)—(11) B Buzae ciemyrouiell HUTEparmOHHON
cxeMsl pemenus (k = 1,2,...) KpaeBoil 3aja4ul s JIMHEHHOTO DJUIU-
TITHYECKOTO ypaBHeHHs c mepeMeHHbIME Kodddumuentamu AF) (r,z2) u

C® (r, 2):

1
— div (A®) (r, 2) grad T® (1, 2)) + =C® (r,2) T® (1, 2) =
T

1
=—C® (r,2)T* Y (r,2), 0<r<R, 0<z<h; (12)
-

(k)
A9 (1) =Q{7(r), 0<r<R (13)
0z lz=0
oT™*)
AP (rz)——| =@ (), 0<r<R; (14)
‘T(k) (O,z)‘ < oo, 0<2z<h; (15)
(k)
0 —0, 0<z<h. (16)
or |lr=Rr
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Ha k-m mare uteparmu ¢yukuuto T () 2) Gynem uckars B Gopme
pasyioKeHusl B IBOMHOM TpuronoMmerpuueckuit psg @ypwe [17]

T® ( Z Z Sna®) X, (7, 2) (17)

m=0 n=0

028 B = G, O = { A
X (7, 2) = 08 (1) cos (Wn2) 5 fm = mm/R;w, = nn/h.

Jost ynyumenus: cxogumocta psina (17) Ha rpanumax obnactu z = 0 u

2 = h MOXXHO MPUMEHHUTH METOJ] OBICTPBIX pa3noxkeHuit [18].

Onpenenum k03P GUITHESHTHI ) B pasnoxxenuu (17). Jlnst aToro ymHo-

UM 00e yactu ypaBHeHust (12) Ha GyHkuunio X, (r, 2) ¥ IpOHHTErpUpyeM
MOJyueHHOE paBeHCTBO N0 obmact 2 = {(r,2) : 0 <r < R, 0 < z < h}.
[Ipumensist popmysbl BekTOpHOrO aHanu3a [19], npuxoaum K cOOTHOLIe-

- // div (A(k) (r,z) grad T® (r, 2) X, (7, z)) dQ+
Q
+ // (A(k) (r,z) grad T™® (r, z) grad X, (r, z)) dQ+
Q
+ % // CW® (1, 2) TW (1, 2) X4 (r, 2) dQ =
Q

= %// c®) (r,z) T*=1 (1, 2) Xps (1, 2) dS2. (18)
Q

J171s1 BBIYMCIICHUSI IEPBOTO MHTETPajia B JI€BOM 4acTH cooTHOIIeHHs (18)
Bocnoib3dyeMcst popmynoii Octporpaackoro. Torma ¢ yu4eToM IpaHUYHBIX
ycnoBuii (13)—(16) momyunm

R R
(0" [ @ () cos ) dr — [ @ () cos o) drs

0 0

R
Tk §X Tk 59X
+/ A® (7 2) [6 0%y, +8 0 ps] dr dz+
0

or Or 0z 0Oz

Rh
1
+ = // CW (r,2) T® (r,2) X, (r, 2) dr dz =
T
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R h
— 1 // C®) (r,2) T (k=1) (r,2) Xps (r,z)drdz. (19)
T
0

0

Jlanee monctasum pasioxenne (17) aa dysxuan T*) (r, 2) B (19).

OtMmeTHM, 9TO
1
Ko (1, 2) Xps (1, 2) = 1 [Xm+p,n+s (r,2) + Xipn—s (1, 2) +

Xt (12) + Xon s (1,2)]

8)(mn 6Xps Mo Hp
- X n+s 1)
or Or 4 [ m-pts (152) +

+ Xm—p,n—s (’I", Z) - Xm+p,n+s (’I“, 2) - Xm—i—p,n—s (Tu Z)i| ;

0Xnn 0X s
0z 0z
WnWs

= 1 Xm+p7n_s (7"7 Z) — Xm+p7n+5 (T, Z) +

+ Xin—pn—s (r,2) — Xin—pnts (r, 2)]

" 3alrmeM CJICAYIOIUEC COOTHOMICHUA OTHOCHUTCIBHO HMCKOMBIX K03(1)(1)I/I—

ueHToB Dyphe agﬁl:

ZZApsmnmna’f)—bp’;), p=01,..., s=0,1,...: (20

m=0 n=0
IpIS

k k
Aigisgnn =T (:um:up + wnws) (f\(m)prnfs\ £m+p7n+s)

k k
+7 (Nm,up o w"w3> (£|(m)—p|,n+s - 'r(n—)&—p,\n—s\) +
(k) (*) (k) (k)
F Ml s T Tmtpn—s| T Nm—plnts T Tmtpnts’

8t s
2= G4 ) +

(*) (k) (k)
* Zz%n“ (77|m ~plin—s T Tmtpn—s| T Tm-p| n+s+ﬂm+p,n+s)-

m=0 n=0
(k) (k) i AR (k)
31ech Emn ¥ Nmn — K03 durmenTsr Dypoe (’pyHKL[I/H/I A ) (r,2) muC® (r, 2)
o cucreme yHKHH { X, (7,2)},7 ) o3 app 'u @/} — K03 HUIHEHTHI

dypbe QyHKIHI ng) (r) m Qék) (r) no cucreme dynkumit {cos (y,1)} "
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[Tpusenem cootHouenus (20) k cTaHIapTHOMY BUIy O€CKOHEYHOH CH-
CTeMbl TUHEHHBIX anreOpandeckux ypaBHeHHUU. /s 3 TOr0o nepenymepyem
MEMEHTBI §yppy 1y 1 b,(fﬁ) JBYMEPHBIX MaCCHBOB I10 JUArOHAJISAM C OJUHAKO-
BOIf CyMMO# MHJ/IEKCOB, YCTAHOBUB COOTBETCTBUSL (M, n) > w, (P, S) > v

10 IIpaBUJIaM

1 1
wzé(m+n+1)(m+n+2)—n, UZE(p—i-S-i-l)(p—l—s—i—Z)—

1 0003HAYUM

=(K) (k)

Ty = ooty ;
7y = dnaly, T3 = dioaly;
29— g, 2 — 6000, 9 — il
=i
=0y, £ =1

k k k k k k
fi ) = b(()2)7 fs( ) = bgl)v fé ) = béO) u T.A.

k
[Ipumensiss Te xe mpaBuiia, U3 3JIEMEHTOB Az(;s)nm COCTaBUM MaTpH-

)

Iy C IeMEHTaMHu D). B pe3ysbTare Mojay4aeM OECKOHEUHYI0 CHCTEMY

o _(k
JIMHEHMHBIX anre6panqec1<nx YpPpaBHCHHUU OTHOCHUTCIbHO HEU3BCCTHBIX $1(U),

w=12...:
}:QMw =B =12, 21)

JUISL pEIIeHHs] KOTOpO MpUMeHsieM MeTo peaykiuu [20, 21].
CrnenoBarenbHO, HA BPEMEHHOM cJloe ¢ = tj, pelleHrne KpaeBoH 3a/1aun
(12)—(16) mMoxeT OBITH MPEACTABICHO B aHATUTUYECKOW (Qopme B BHIE
JIBOMHOTO TPUTOHOMETPUYECKOTO psia Dypbe
Nl mm nmw
T (r,z,ty) ~ g E Smna™) cos ( 7") cos (—z) ,
R h
m=0 n=0

Koaq)(i)I/IuHeHTH KOTOPOTO HAXOJMM M3 PEIICHHUs] KOHEYHOU cuctembl [21]
ZDW k) = )y = 1,2,... M, nopsmxka M = (N +1) (N +2) /2.

Hpn sToM N ompezielnsieM Ha OCHOBE OLieHKH Pynre [22].

Br160p mara 7 no BpeMeHHON NEpeEMEHHOM OCYIIECTBISAETCS C yUETOM
PE3yaBTATOB, MOTYYEHHBIX B padoTe [23].

Pe3yabTaThl Ync/IeHHBIX pacyeToB. [IpuMeHUM NOCTPOEHHBIN aro-
PUTM AJI pacuera TEMIIEpPaTypHOrO MOJs LMIMHIAPUYECKOro Tena. Bel-
YHUCIEHUs MPOBEIEM IpU CIEAYIOIINX 3HAYEHUSIX IapaMeTpoB 3aJadu:

94 ISSN 1812-3368. Bectauk MI'TY um. H.O. baymana. Cep. “EcrectBennsie Hayku”. 2015. Ne 3



T,K
1150

1100
Puc. 3. 3aBucumocts TeMmeparypbl B 1050
ceueHuM HuiauHApa z = h/2 or Bpeme-
HH IIPH Pa3/INYHBbIX 3HAYEHHUAX 7 B KOH- 1000
e mpouecca pasorpesa: 950
1—T(0,h/2,t);2—T (ro/2,h/2,t); 3 —
T (3r0/4, h/2,t) 900

850

OO 1 Il Il | 1
108 110 112 114 116 118 tc

p = T780kr/™M*; R = 50 -1073m; h = 4-1073m; 79 = 10 - 1073 m;
@ =q¢9=10Br/™m?; At =4c;t' =3¢; Ty = 300K; ¢ = 0,8; 0 = 5,67 x
x 1078 Br/(m? - K*).

3HaueHus ko> PHUIEEHTa TEIIONPOBOAHOCTH U YIEIBHON TEII0EMKO-

CTH MaTepuayia IWIMHIpPA B 3aBUCUMOCTH OT TEMIIEPATypbl MPUBEICHBI
Hke [24]:

TK oo 300 400 600 800 1000 1200 1400 1600
AB/mK). oo 48 47 41 37 32 23 21 20
e, Jox/(xr K)o 470 505 520 660 615 580 560 545

3aBHCHMOCTh TEMITCPATYPhl B CEUCHUH IIIHHAPA z = h/2 OT Bpeme-
HHU TIPY PA3JIMYHBIX 3HAYCHUSIX 7 B KOHIE mpouecca pasorpesa (108 <t <
< 120) nokasaHa Ha puc. 3. CHHXpOHHOE BHEIIHEE EPHOINICCKOC BO3ICH-
CTBUE JIByMsl HCTOYHUKAMHU TEIUIOTHI Ha TOPLIEBbIE IOBEPXHOCTHU LIMJIMHAPA
IPUBOJUT K BOSHUKHOBEHUIO KOJI€OaHUN TeMIepaTyphl B YKa3aHHBIX TOY-
Kax ¢ MEepHOIOM, PaBHBIM NEPUOAY BO3JCHCTBUS MCTOYHUKOB TEIUIOTHI, U
aMIUTUTYI0H, YMEHbIIAIOIIEHCS TIPU yAAaJeHUH TOYEK OT OCH LMIMHIpA.

3akirouenne. IlpennoxeHHbI B paboTe aqropuT™M pacuera HecTalu-
OHAPHOTO TEMIIEPATypPHOIO I0JIS B LWJIMHAPUYECKOM TEJIE€ YUUTHIBAECT U3-
MEHEHHUE TeIIO(PU3NUECKUX CBOMCTB Marepraia B 3aBUCUMOCTH OT TEMIIe-
paTypbl, HEJIMHEHHOCTh TPAHUYHBIX YCIOBUM, TO3BOJIAET 3a/1aBaTh pa3siny-
HbI€ PEKUMBbI BHEIIIHETO TEIIOBOTO BO3ACHCTBUS U yCIOBUS TEMI000MEHA.
ANTOpUTM NPUMEHUM [yl PEUIeHUs 3a/1ad 00 HCCIIeOBaHUU TEIJIOBOTO
COCTOSIHUS IMJIMHJIPUUYECKUX TeJ MPH J1a3epHOi 00paboTKe.
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