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O HaMarHMYMBaHUHU CBEPXIIPOBOAALLEIO HIAPa

N.H. Annes, JI.I'. MeJIuKsIHIL

MI'TY um. H.O. baymana, Mocksa, Poccuiickas ®@eneparus
e-mail: alievprof@yandex.ru; Lion_paint@mail.ru

Iocnedosamenvhas meopus A6NIEeHUS CEEPXNPOSOOUMOCIU OONHCHA OblMb KEAHMO-
801, OOHAKO (DeHOMEHONI02UYeCKAsl IeKMPOOUHAMUKA CBEPXNPOBOOHUKO8 MOHiCem
Obimb nocmpoena Ha Oaze KIACCUYeCKUX npeocmagieHnutl, npuiem, HecMomps Ha
Kpynuwie ycnexu 6 00bsACHeHUU A67IeHUsL C6EPXNPOBOOUMOCIU, dNIeMEHMAPHAS KIACCU-
ueckas meopusi mpebdyem CyuwecCmeeHHblX ymounenuu u ycosepuiencmeosanuu. C
VUemom 9Mo20 8AAHCHO BHOBb NPOAHANUZUPOBAMb 0A306ble 3AKOHbI INEKMPOOUHAMUKY
Ha npumepe pacnpeoeneHuss MoKO0G HA NOGEPXHOCMU CBEpXNposooAwe2o wapd, a
Makice MacHUMHOU UHOYKyuu. /s 9moeo eHe wapa nojie GblMUCTAemcs CmaHoapm-
HbIM Cnocobom ¢ nomowwlo ypagnenuu Maxceenna, a 6Hympu — ¢ UCNOAb306AHUEM
ypagnenusi JIonoonos. OcHOGHOU Qu3uuecKull 661600 NOJYHEHHO20 Pe3Vabmama 3d-
KAI04aemcs 6 cleoyiouem: 6 C6epXnpoeooOHUKe, NOMEUeHHOM 60 GHeUHee MACHUMHOM
none, 803HUKAIOM NOBEPXHOCMHbIE MOKU, PACHPEOeieHHble 8 HEKOMOPOM WOHKOM
cli0e KOHeYHOU MOAWUHOU, KOMOPbLl paHee MPAKMOBANcsa Kax 2nyouHa npoHUKanusl
MACHUMHO20 RO C COOMBEMCMEYIOWUMU 00beMHbIMU moKkamu. Panee 6vL10
NOKA3aHO, YMO NOCMOAHHBIN MOK 8 NPOBOOHUKE 1100020 MUNA GbIMECHAEMCs HA NO-
6EPXHOCb 8MeCme ¢ MASHUMHBLIM HOAEM, YMO HPUBOOUm K B03HUKHOGEHUNO MAK
HA3bI8AEMO20 NOBEPXHOCMHO20 MOKA. DMOM MOK Npeonazaemcsi paccmampueams
KAK 00beMHbll, HO NPOMEKAIOWUL 8 HEKOTMOPOM MOHKOM C0€ KOHEYHOU MONUUHOT.
Iockonbky makas moawyuHa He 3a8ucum Om MAmepuanda u npupoobl HPOBOOHUKA,
MOJICHO NONIA2AMb, YO OH cO2NACHO meopuu JIonooHnos pasen xapakxmepHoti 2nyoune
NPOHUKAHUSL MAZHUMHO20 NOJISL 8 CEEPXNPOBOOHUK.

Knrouesvle cnosa: ceepxnposoonux, ypasuenus Jlondonos, ypasuenus Maxceenna,
ypasuenue Jlannaca, no6epxXHOCMHbIL MOK, 00bLEMHBIN MOK, SPAHUYHbIE YCIIOGUS 6
Maznemuszme, MaeHUMHble 3apsobi.

On the Magnetization of a Superconducting Ball
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As it is well known at present, the consistent theory of superconductivity should be the
quantum one, whereas phenomenological electrodynamics of superconductors can be
built on the basis of classical ideas. Furthermore, despite the major advances in ex-
plaining the phenomenon of superconductivity, the elementary classical theory re-
quires significant refinements and improvements. Consequently, it is important to re-
examine the basic laws of electrodynamics as an example of the current distribution
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on the surface of a superconducting sphere, as well as the magnitude of the magnetic
induction. For this purpose, the field outside the sphere is calculated in a standard
way with the help of Maxwell's equations, and the filed inside is calculated by
Londons' equations. The main physical conclusion of the result is as follows: in a su-
perconductor in an external magnetic field there occur surface currents distributed in
a thin layer of finite thickness, previously interpreted as the penetration depth of
the magnetic field with the appropriate volume currents. In the previous work it was
shown that the direct current in a conductor of any type is displaced to the surface
together with the magnetic field, which leads to the so-called surface current.
This current is proposed as a volume current, but flowing in a thin layer of finite
thickness. As this thickness does not depend on the material and the nature of the
conductor, according to Londons' theory, it can be assumed that the latter is equal to
the characteristic penetration depth of the magnetic field into the superconductor.

Keywords: superconductors, Londons' equations, Maxwell's equations, Laplace's
equation, surface and volume currents, boundary conditions in magnetism, magnetic
charges.

CrpyKTypa TakoW CJIOXHOW CHCTEMBbl, KAK MarHUTHbIE CBOMCTBA MaTe-
pHAIOB B TEUYEHHE IMTEIHHOTO BPEMEHM MOCTOSIHHO HaXOJIUTCS B IOJE
3peHusi HcciefoBareseil, HauMHasg C caMblX paHHUX paboT (Hampumep,
[1, 2]), u 3akaHUMBasi COBpeMEHHBIMH paboTamu (Hampumep, [3, 12, 13]).
HecMmoTtps Ha OrpoMHBIN NPOrpecc NPaKTUYECKOro MPUMEHEHHUS MarHeTH3-
Ma (0T KommacoB 10 mamsaTH DBM), npupona 3Toi CIOXHOM CTPYKTYpbl
OCTaeTCsl HEACHOM M B Hacrosiuiee Bpems. J[0CTaTOYHO YNOMSIHYTH O IpO-
Oneme, CBSI3aHHOM C TEM, YTO JI0 CHX IOp HE YAAETCsl CBECTH K €IHHOI MO-
nenu 3akoHbl Kynona u buo-Casapa, nexariye B o0CHOBe (heHOMEHOJIOrHye-
CKOT'O MOAX0/1a K MAarHETU3MY, XOTs IIPUPO/Ia 3TOTO SBJICHUS, €CTECTBEHHO,
oOmras. B cBs3u ¢ atuM mrobas 3agada, penraemas B 3TOM HAalpaBJiICHUU,
MO’KET MPOABUHYTH U PACHIMPUTH TOHUMAHUE OCHOB MarHeTU3Ma.

[Ipu pemennn paccMaTpruBaeMoi 3a1a41 UCIIOIb30BaH OOIIEH3BECTHBIN
(hakT: MarHUTHOE TIOJIE B CBEPXITPOBOIHUKE paBHO HYIO [4]. [Tpu 3TOM OBI-
JIO MPEAINONIOKEHO PABEHCTBO HYJIIO HAINPSHKEHHOCTHM MAarHUTHOTO IIOJIS.
NutepecHo, ecnu B nepBoii padore JlonnoHoB [5] ¢urypupoBaia uMEHHO
HaNPsHKEHHOCTh MarHUTHOT'O TI0JIS, TO YXKe B cieayomeil padoTe, U31aHHON
rOJIOM IIO3/IHEE, TPOU30LIEN NIEPEXO/ K 3alMCH B TEPMUHAX MAarHUTHOM UH-
OyKIu# [6], mpuveM BCIICACTBUE HCIOIB30BAHUS AOCOITIOTHONW CHUCTEMBI
CIIMHHI [IEPEXO] OT OJTHOW (POPMBI 3aMKCH K JAPYTON BBITIISACT MPENEITbHO
npoctsiM: B = H. Tlpu momoGHOM 3ammicy MAarHWTHEIE CBOICTBA BEIIECTBA
MOJTHOCTBhIO UTHOpUpYIoTCs. OHaKo fajnee B OONBLUIMHCTBE KIACCHUYECKHX
3agadax 00 ocialiIeHny Mo B CBEPXIPOBOJHUKAX IPUMEHEH UMEHHO TOT
noaxon (Hampumep, [7]). Jaxe npu npoctoM nepexojie K Apyroi cUcTeMme
€IMHULL TIOSIBJISIFOTCSI MHOKUTEIIU, HE TOBOPSI y>)K€ O MarHUTHOM MpOHUIIae-
MOCTH BEILECTBA — JIUAaMarHeTU3M CBEPXIPOBOIHUKOB OOLIEM3BECTEH.

Bbruucnum pacnpezeneHe MarHUTHOTO 1OJIE U 0ObEMHOI0 CBEPXIIPO-
BOJISILLIETO TOKA, TEKYIIErO B CBEPXIIPOBOAIIEM IIape paguycoM R, KOTo-
pBIi MOMENIEH BO BHEIIHEE OJHOPOAHOE MOCTOSHHOE MarHUTHOE I0JIE C
WHIYKIUEH EO, HANpaBJIECHHOM 10 OCH Z.
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3anuieM UCXOAHbIE YpaBHEHUs. BHe mapa mone onpenensiercs peiie-
HUEM 3a/1a4u

div B =0;
rot B = 0; (1)
B(?—)oo)zgo, r>R
C I‘paHI/I'-IHBIM YCJIOBI/IGM Ee s = Ei s . 321[[3‘121 NMECT aKCI/IaHBHYIO CUMMCT-
pHI0, TIOATOMY
B(p:01/18/8(p:0. (2)

B chepuueckux koopaunarax cucrema (1) mpeobpazyercs Kk BUaY

sin ei(l’zB},)-Fl’%(Sin 0B,)=0;

or
= 10 1 0B
rotB) =0=—— -———=.
( )cp r 6r( e) r 00
Penienus cuctembl UIleM Kak
B. = f(r)cos®;
. 3)
By =-g(r)sin0
C JIOTIOJIHUTEIILHBIMU KPAEeBbIMU YCIIOBUSIMU
B, = B, cos6;
By =—-B,sin0, r - .

[Tocne nmo/icTaHOBKM YCIOBUI cucTeMa rnpeoldpasyercs K cucteMe
d
—(rzf)+2rg =0,
dr

%(rg) +f=0
C TPaHMYHBIMH yCIIOBUSIMH
f(r— o) =B;
g(r—x)=-B,.
Vckmouas Benwuuny g, i QyHKuuM f 3anmimem audpepeHmras-
LT

dr?

HOE YpaBHEHHE 7 =0, TMHENHO He3aBUCHUMBIE PElICHHUsI KOTOPO-
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ro Oyaem uckatb B Bujae [ =r%. IloacTaBusisi 3TH pELICHUS, TOJIydYacM
ypaBHenue o +3a.=0, nmeromee asa pemenus o =0 u o =—3. Takum

C
oOpa3om, o0111ee peleHre N3y4aeMoro ypaBHEeHUsI UMeeT BUIL f = =+ C,.
r

W3 nepsoro rpann4Horo yciosus onpenenseM C, = B,. Jlanee ypaBHeHHE

d( , C
s g: 2rg = —d— r“By +— |. OKOHYAaTEJIBHO I10JI€ BHE 1l1apa ONKUCHIBACT-
r r

Cs YpaBHCHUSIMU

7

C
B, = (BO + —3) cos6;

4)
By = (—B +£jsin9
0 0 2]"3 4
T0JIE HA TPAHKIIE — yPABHEHUAMH
B,(r=R)=B,cos0+ < cos 0;
K )

By(r=R)=-B, sin6+2—§3sin9.

[Ipuctynum K OIpenesaeHU0 BEKTOPHOTO IOJIsi MarHUTHOM MHIyKLUUU
BHYTpHU 11apa. 3alMIleM COBMECTHYIO CHCTEMY ypaBHEHUl MakcBemia u
JlongoHOB [8]

div B = 0;
rot B=p,/;
rot(Aj) +B=0.
3aech A = m/ (e2n) — noctosinHas JIOoHAOHOB;, 7 — 00BbEMHAas IJIOTHOCTh

CBEPXIPOBOSIINX JJIEKTPOHOB. [lepBoe W3 3THX ypaBHEHWH B cdepu-
YECKMX KOOpAMHATaX paclHChIBA€TCS TaK K€, Kak M  BBIIIE:

d
—(r2 f ) +2rg =0. [Ins1 HarISIAHOCTY MOJIYYEHHBIX Pe3yJIbTaTOB IIPUHUMA-
r

eM (He coBceM KoppekTHO) | =1. K TperbeMy ypaBHEHHIO CHCTEMBI MPH-
MEHUM OIepaIfio rot U 0OBEAMHUM CO BTOPHIM ypaBHEHHUEM

rotrot B = —HC B, (6)
A

Omnepanuto rotrot B cepudyecKkux KOOpJIWHATAX yJAOOHEE CUUTATH
HETIOCPEJICTBEHHO, a HE C TIOMOIIbI0 GopMybl rotrot = graddiv—A. Yuu-
ThIBast yciaoBue (2) u 3ameny (3), moixydaem
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(), ~(enB) -0
(7), =(rotB) =0,
(), =(1otB) =2 (rg) -2 B, =~ (rgsin®) ~——( £ cos0) =
- Sizeg(rg)+§sin9;
(rot7), = rsilne%(T"’ sin6)= rsilnG%{Sirf e{g(rg)”}} -
_ 2Cr()zse{§(rg)+f};
(00T, =12 (7,) =L 200 £ e s | -
=_si1:e§{%(rg)+f}
(rotf)(p =0.

Takum oOpa3om, ypaBHeHHE (6) B KOMIIOHEHTAX 3alULIETCS CICAYIOIIUM
obOpazoM:

i(rzf)+2rg =0;

dr
d r?

2—(rg)+2f+—f=0; 7
(rg)+ 2/ +om f (7)
I a2 1df 1

Ll ()= o,
r dr? (rg) rdr M\ &

3necs 1/A% =y, /A. Jlerko npoBeputh, YTO TPEThE YpPABHEHHE CHCTE-

Mbl (7) sBRsieTcsl cielncTBUEM IMepBbIX IBYyX. KoMOuHHMpys mnepBble 1Ba
ypaBHEHHS, TIoTy4aeM auddepeHnnanibHoe ypaBHEeHHE

d>f df r?
rP2——+4r————f=0.
dr? dr A\? /
CornacHo ¢opmyiie, MpuUBEICHHONW B padoTe [9], BBINOJIHUM 3aMeHY

f=F / r2. Torpga mociieHee ypaBHEHHME HPeoOpa3yeTcsl K ypPABHEHMIO
F'r? = F (2+r2/A?), umeromemy pemenue [9]
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F=C (l—ljek+C2 (l+l)e_7»,
Aor Aor
1 r .
B.=—|C L ek +Cy| —+1 e  |cosH.
”» A A

[Tomy4yeHHBII pe3yNbTaT TOKEH OBITh peryisipHbIM B HyJe (mpu » = 0).

JIJ1s BBIMIOJIHEHUS 3TOTO YCJIOBUS MTPOBEJAEM Pa3IOKEHUE ONPEACTIEHHOIO pe-
1ieHus B psija MakiiopeHa

el ool

HIJIN

orctoga C, —C; =0, nosromy

C r - D r
f },._;I:(X_lj (7\‘4'1)8 k:l:r—?’(th—%Ch%j.

[ToxcraBmisieM mosiydeHHOE pelIeHUE B IEPBOE ypaBHEHUE cucTteMsbl (7):

1 d,, D d(1 1
=——— == % “shl-Zch
& (r f) 2r dr(r A A 7»}

Beenem HoBoe 0003HadeHue 3 =1/A u 3anuiiem penieHue

f ——(shBr BrchBr);

g=2—l;[(1+[32r2)sh[3r—[3rch[3r].

(8)

Jlist IpOBEPKHU PEeryyspHOCTH (DYHKIMU & BHOBb BBINOJIHUM pa3jioxke-
Hue B psja MaknopeHa

shPr=pr+— (Br) o
chpr=1+— (Br) +...;
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g=%|:(l+[32r2)(ﬁr+ (Br)j Br(u%(m)zﬂ:%m

Otkyna cnenyet, uto ¢yHkuus g npu r =0 perymspHa. Koncranter C
(cm. (4)) u D (cwm. (8)) onpeaesiuM U3 TPAaHUYHBIX YCIIOBUIA

C
BO+R—=RD(shBR BRchPBR);

C D
Byt = —[(1+B>R?)shBR-BRchBR |.

JlocTaToyHO MPOCTOE PEHICHUE ITOW CUCTEMBI TTO3BOJISIET MOTYUUTh

3 3
C=-B,R? (I—B—Rcth BR+ e J;
3B, R ©)
B2 shBR’

Wtak, oKOHYaTeIbHOE pEIleHHE 33aJauyd BBINNIAIUT CIEAYIOLUIMM 00Opa-
30M. KOMITOHEHTBI BEKTOpa MarHUTHOW MHAYKLUHN BHYTPHU 11apa npu r > R
UMEIOT BUJ

C
B, = (BO + —3} cos0;

-
C

B —By+— [sin6,

o ( 2r3]

— BHE mapa npu » < R —
B, 223(Sh Br—Prchfr)cos6;
r

2D3 [(1_,_[32 Z)ShBV BFChBr]sme

¢ noctosiHEbIMU C u D, omnpeaeneHHbiMu 110 (9). lonyueHnsle pe3ynbTa-
ThI IPEJICTABIIEHBI HA puUC. 1.

Jlisa pacyera 0ObEMHOI IUIOTHOCTH CBEPXIPOBOJSAIIETO TOKA, MPOTE-
KaoLIero MOJ IOBEPXHOCTBIO LIapa, UCIONb3yeM ypaBHEHHEe Makcsesia

By =

Lo/ =Tot B, WM B KOMIIOHEHTaxX
Lo J, :(rotlg’)ﬂ =0;
Ko Jjo = (rotf?)e =0;
oo = (rot}?)(p = l(ﬁar (rg)+ f] sin 0 = —%sin 0.
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14 + By
12r k
8,
By
8 F 6 0
6 4l
4,
2,
2+ /
0 2 R4 6 8 r 0 2 R4 6 8 r
a 9]

Puc. 1. 3aBucumMocTH KOMHOHEHT By (a) m B, (6) MarHuTHOMU

UHIYKIMK OT Pajryca * B SKBATOPHAIBHOM TTOCKOCTH chepbl (Tpu
0 = m/2) u Ha ocu, MPOXOIAIICH Yepe3 ICHTP chepbl MapalieIbHO
HaIpaBJIEHHUIO BHENTHETO MarHUTHOTO 110J1s1 (0Ch z, ipu 0 = 0)

[TocnenHuii mepexox OCYIIECTBIEH C MOMOIIBIO BTOPOTO ypPaBHEHUS
cucrembl (7). Takum o0pa3oM, OTIMYHA OT HYJIsS TOJIBKO KOMIIOHEHTA j,

BEKTOpA IUIOTHOCTH TOKa CBEPXIPOBOJISIINX AIEKTPOHOB. Vcmonb3ys mep-
BOE YpaBHEHHE CUCTEMBI (8) U BTOpOE ypaBHEHHE CUCTEMBI (9), monydaem
. rf . D )
r)=————sin0=————(shPBr—-PBrchPr)sind =
‘](P( ) 27\42H0 27\272“0 ( B B B )
_ 3ByR
2r2u,shBR

[IpoBepum Ha peryJIsIpHOCTb NOJYYEHHBIA PE3yIbTaT

(shBr—PBrchpr)sin6.

1 1 1 1
j ~—(sht—tcht)~—|t+—3—t|1+—£2 | |~t—>0.
Jo t2( ) 12 6 ( 2 j

3aBUCHMOCTS (r) mpencrasnena Ha puc. 2. Beuay Toro, uto Bce Be-

JIMYUHBI OYEHBb OBICTPO YOBIBAIOT Ha paccTosHuAX okono 107* cm (mpm
R=~1..10 cM) 3aBHCHMOCTH, NIPUBEJCHHbIC B HACTOSIIEH paboTe, UMEIOT
MPUOIN3UTENBHBIN BU.

Jlnst oueHky riyOMHBI IPOHUKAHUS [TOBEPXHOCTHBIX TOKOB O HE00XO-

Jo(R)
JUMO PElINTh YpaBHEHHE —— ———
Jo (R - 8)
ro 3aTPyJHUTENIBHO BCJIEACTBHE KpaHEH MAJIOCTH MapameTrpa 3aJadyu
8/ R ~10™% Opnako 5Ta riy6uHa 10 MOPAAKY BEIMYMHBI J0JKHA OBITH Ta-
Kasl ke, Kak U rinyOuHa, nonydeHHas B teopun Jlongonos. Torga ¢ yuetom
U3JI0’KEHHOr0 pabote [3] MOKHO cHOPMYJIMPOBATH OCHOBHOM (hHU3HUECKUN
BBIBO/JI ITOJIYUCHHOT'O pC3yJibTaTd: BO BHCIIHEM MAarHUTHOM I10JIC BO3BHUKAIOT

= €, aHaJIUTHYCCKOC PCIICHUE KOTOPO-
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0

80T
50k Puc. 2. 3aBUCHUMOCTL KOMIIOHEHTHI
sl Jo () BexTOpa TIOTHOCTH TOKA CBEPX-
30k MTPOBOAAIINX AIIEKTPOHOB OT pajnyca B

DKBATOPHAIBHONW  TUIOCKOCTH  c(ephl
20 [

(pu 6 =7/2)
10 -
| | |
0 1 2 3 4 R r

ITOBEPXHOCTHBIE TOKH, PACIIPEIEICHHbIE B HEKOTOPOM TOHKOM CJI0€ KOHEU-
HOW TOJIIMHON, KOTOPBIH paHee TpakTOBaJCs Kak TIyOMHAa NpPOHHKAHUS
MarHuTHOT'O TMOJISI C COOTBETCTBYIOIUMH 00BEMHBIMHU TOKAMHU.

Aemopul svipasicarom 6razodaprocmu B.B. Toamauesy, npu obcyscoenuu ¢
xomopwvim pabomst [10] u poounace udes nacmoswezo ucciedosanus, A.M. Ma-
kaposy u A.H. Mopo3zogy 3a nocmosnusili unmepec x pabome u C.O. FOpuenko,
obcyxcoernue ¢ komopvim pesyibmamosg pabomst [11] obocamuno paccmampusae-
Mblll Mamepuai.

Paboma sevinonnena npu noodepicke Munucmepemea obpazoeanus u HayKu
P®D (npoexm Ne 3.1526.2014/K).
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